Natural octonionic generalization of general relativity 
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An intriguingly natural generalization, using complex octonions, of general relativity is pointed 
out. The starting point is the vierbein-based double dual formulation of the Einstein-Hilbert action. 
In terms of two natural structures on the (complex) quaternions and (complex) octonions, the inner 
product and the cross products, respectively, this action is linked with the complex quaternionic 
structure constants, and subsequently generalized to an achtbein-based 'double x-dual' action in 
terms of the complex octonionic structure constants. 
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It is the purpose of this note to point out an intrigu- 
ingly natural generalization of general relativity, using 
complex octonionic structures. 

In terms of the doubly contracted, double dual [1, 
p. 325] of the Riemann curvature tensor the 
Einstein-Hilbert action may be written as 



^EH 



'647rG 



-gd X, 



where g = det (5^1/) is the determinant of the metric, and 
Efj^^pa and gMi'PCT g^j.g |;]-^g Levi-Civita tensor densities [ij, 
Eq. (8.10)] 
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where [pLvpa] is a completely antisymmetric symbol with 
[0123] = -1-1. This assertion is an immediate consequence 
of the identity 
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where (5^^ is a generalized Kronecker delta 0, Sect. 4.2]. 

In terms of a vierbein e°p, with corresponding mini- 
mal spin connection ui^°'^ = g^'^ e°' pV ^e^ a , the Einstein- 
Hilbert action may equivalently be written as 
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where e = det(e''^) is the determinant of the vierbein, 
R^ii,""^ is the curvature tensor of the minimal spin con- 
nection 0, 0] , and Efiupa and et^^P"^ are now given by 
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because eabcd — —e = [abcd\ in any Minkowski frame. 

By itself, all of the above would of course be quite 
pointless, were it not for the following fact: The above 



vierbein-based double dual action allows for an intrigu- 
ingly natural (i.e., uncontrived) generalization, in terms 
of complex octonions, of general relativity, using the com- 
plex quaternions as a stepping-stone. In order to analyt- 
ically formulate this assertion, two structures, the inner 
product and the triple cross products, sec shortly, must 
first be defined. 

Remark: In this note, no formal introduction to the 
(complex) quaternions or (complex) octonions will be 
given. Instead, the reader is kindly referred to the lit- 
erature: For short reviews of the octonions, see for in- 
stance Refs. [1, @, 0, Hi- For a comprehensive review of 
the octonions, see Ref. @. For a monograph on octo- 
nions and other nonassociative algebras, see Ref. [lo| . 
In particularly, for a monograph on composition alge- 
bras, a class to which both the complex quaternions and 
complex octonions belong (note that they are not divi- 
sion algebras, even though the quat ernions and the octo- 
nions themselves are), see Ref. [11|. For material on the 
quaternions, see for instance Refs. [^, [13, [l3] ■ 

Below, D (for division algebra) denotes either the set 
of quaternions H, or the set of octonions O. Standardly, 
although it differs in various references by a normalizing 
factor of 2, define an inner product (•, •) : (C B)^ C 

by 

2 {x, y) = xy + yx = xy + yx, 

where x denotes the (quaternionic or octonionic) con- 
jugate of X. Define triple cross products XltXr : 
(C0P)^ D by 

V.Xl {x, y,z) ~ X {yz — zy) -I- cyclic perm, 
3\Xr {x, y, z) — {xy — yx) z + cyclic perm, 

where L and R means left and right, respectively. The 
cross products Xj^ and X^ possess both the orthogonal- 
ity property and the (generalized) Pythagorean property 

= (X (xx,Xi,Xz) ,Xi) , 

det {{x^.Xj)) = {X (xi,x-2.-,xz) ,X {xx,X2,X'i)) , 

where the suppressed subscript means that the relations 
apply to both L and R. Trilinear cross products pos- 
sessing both these properties exist only over algebras of 
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real (or complex) dimension 4 or 8 [H, , the under- 
lying reason being the existence of precisely the division 
algebras H and O. 

Remark: For D = H, the cross products and 
are trivially identical because the quaternions are associa- 
tive, so for the quaternions the subscript will be dropped, 
writing just X (for both). For ID) = O, however, this is 
not the case because the octonions are nonassociative. 

As bases (over C) for C (8) H and C O, respectively, 
define Ca — (i, ei) and Ea — (i, Ei), where i is the complex 
imaginary unit, are the standard units of the pure 
quaternions ImH (quaternions with no real part), and 
Ei are the standard units of the pure octonions ImO 
(octonions with no real part). The units obey 

= [ci, Cj, efc] , 

where Sijk are the completely antisymmetric structure 
constants of the quaternions (with £123 = -|-1). The units 
Ei obey 

2'ipij'^Ek = [-El, Ej] , 
24)yk^Ei = [E,,Ej,Ek\, 

where -ipijk €E M and 4)ijki G R (each others dual in W) 
are the completely antisymmetric structure constants of 
the octonions. Above, [•,•] : (C® D)^ C «) D and 
[•, •, •] : (C (g) B)^ ^ C (g) B, defined by 

[x,y\ = xy~yx, 
[x,y,z] = (xy) z - X {yz) , 

are the commutator and associator, respectively. 

Remark: The following index conventions are adhered 
to throughout. Lower case Latin letters from the mid- 
dle of the alphabet, starting at i, either run from 1 to 
3, or from 1 to 7, depending on the context. They are 
raised and lowered with 6^^ and Sij, respectively. Lower 
case Latin letters from the beginning of the alphabet ei- 
ther run from to 3, or from to 7, depending on the 
context. They are raised and lowered with 77°^ and 7]ab, 
respectively. Lower case greek letters either run from 
to 3, or from to 7, depending on the context. They are 
raised and lowered with g'^'^ and .9^,^, respectively. 

Now, the seemingly insignificant but in fact crucial ob- 
servation is that 

Sabcd = i {X {Ca, 66, 6^) , Grf) , 

a relation linking duality in spacetime, as controlled 
by Sabcd, with two natural structures of the (complex) 
quaternions, the inner product and the cross product. 
This relation is the complex quaternionic stepping-stone, 
previously referred to. 

Because the (complex) quaternions can be embed- 
ded in the (complex) octonions (in numerous ways), 



it seems natural to generalize as follows: Define xifcL 
and Xabcd (eight-dimensional generalizations of the four- 
dimensional Eabcd) by 



X'aicd^HXL{Ea,E,,E,),E^ 



^^'^ — i(Xj^ {Ea, Eb, Ec) , Ed 



Even though not obvious, Xabcd ^^'^ ^abcd ^^'^^ 
completely antisymmetric. Subsequently, define x^^po- 
and xlf^pcr (eight-dimensional generalizations of the four- 
dimensional e^iiypcr) by 

(L) Tpa rpb rpc rpd {L) 

Xfiiypa — ^ <^'^abcd^ 

v(-R) — E'" E^ E"^ E/ Y^''^^ 

where is an achtbein. Finally, define an achtbein- 
based 'double x-dual' action (generalization of the 
vierbein-based double dual action) by 
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where E = det [E"' ^) is the determinant of the achtbein, 
and Rfj.p"'^ is the curvature tensor of the associated min- 



imal spin connection ft 
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gP'^E^-pSJ f,E\. This is the 



generalized action promised in this note. 

By straightforward calculations, the following relations 
may be obtained, the remaining components following 
from the complete antisymmetry of both X^abcd ^'^'^ ^abld- 
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These relations show that x'^ld ^^'^ X^'abld' ^^'^ therefore 
also xlii^ptT and Xp^'pa, are each others complex conju- 
gate, implying that the above Lagrangian is real- valued, 
as befits any reasonable Lagrangian. 
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